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Abstract: Recently it was found that the complete integration of the Einstein-dilaton-
antisymmetric form equations depending on one variable and describing static singly
charged p-branes leads to two and only two classes of solutions: the standard asymp-
totically flat black p-brane and the asymptotically non-flat p-brane approaching the linear
dilaton background at spatial infinity. Here we analyze this issue in more details and gen-
eralize the corresponding uniqueness argument to the case of partially delocalized branes.
We also consider the special case of codimension one and find, in addition to the standard
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recently found p-brane solutions “with extra parameters” are presented.
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1. Introduction
Classical supergravity solutions describing p-branes were extensively studied during the
past decade [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. It is generally believed that a singly
charged static p-brane solution depends on two parameters, the mass and the charge (den-
sities) of the brane (up to the dilaton value at infinity) [1, 3], these solutions are asymp-
totically flat and possess a regular event horizon. Black p-branes have the ISO(p) × R
symmetry of the world volume (with R corresponding to the time direction), which is en-
hanced to the full Poincare´ symmetry ISO(p, 1) in the extremal (BPS) case. Recently the
uniqueness of these solutions was investigated in more detail [14, 15], and it was shown
that, once the absence of naked singularities is required, the generic solution must be ei-
ther asymptotically flat (standard) or to approach the linear dilaton asymptotic at spatial
infinity [16, 17, 18]. In ten dimensions the latter class corresponds to the near-horizon limit
of near-extremal p-branes and provides the holographic counterpart to the thermal phase
of the dual conformal field theories with sixteen supercharges [19, 20, 21, 22].
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Meanwhile some apparently different claims can be encountered in the recent literature.
The complete integration of the Einstein-dilaton-antisymmetric form system for a single
brane was performed [23] and a family of ISO(p)×R solutions was presented, containing
four free parameters. An interpretation of one of the extra parameters was attempted in
[24] (see also [25, 26, 27]): the ISO(p, 1) subfamily of the solutions of [23] was treated
as describing the brane-antibrane system in the sense of Sen [28], the corresponding extra
degree of freedom being associated with the tachyon. The solutions of [23] were also invoked
in some recent attempts to find the supergravity description for stable non-BPS branes of
string theory [29, 30, 31, 32]. Other generalizations of the ISO(p, 1) solution were given in
[33]. Besides containing additional parameters, the solutions presented in this paper also
describe a more general structure of the transverse space, namely, SO(k)×Rq, q = d−p−
k−2 (cylinder), Rq+k+1, as well as the case of the hyperbolic geometry SO(k−1, 1)×Rq , .
However, the geometric structure of the p-brane type solutions with extra parameters, in
particular the nature of singularities, was not sufficiently investigated so far.
The purpose of the present paper is to generalize the analysis of [14, 15] to the case of
a more general structure of the transverse space, extend the uniqueness proof for partially
localized branes, consider the particular case of domain walls, and to clarify the relationship
with other “general” p-brane solutions. We confirm our previous uniqueness argument
saying that there are two and only two classes of solutions without naked singularities: the
standard asymptotically flat branes (black or BPS), and black branes on the linear dilaton
background.
The paper is organized as follows. In the next two section we describe the system
and its complete integration via reduction to the separate Liouville equations. In Sec.
4 the special points of the generic solutions are analyzed by computing the Ricci and
Kretschmann scalars and studying the radial null geodesics. We identify the horizons, set
up the horizon regularity conditions, and list all possibilities when singularities are hidden
inside the horizon. We find three different classes of solution one of which is compact
singular, and two other correspond to either asymptotically flat case, or asymptotically
linear dilaton backgroungd case. The general regular asymptotically flat black solution is
constructed in Sec. 5, it contains three free parameters (mass, charge and the asymptotic
value of the dilaton) and no any ’extra parameters’. The following Sec. 6 is devoted
to the construction of the black branes on the linear dilaton background including their
thermodynamical properties. The Sec. 7 contains an analysis of the case of the codimension
one. Here in addition to the standard supergravity domain wall we obtain the black solution
which can be interpreted also as the black wall on the linear dilaton background. In Sec.
8 we give explicit relations between our generic solution and some other previously found
general solutions and review them in the spirit of our reasoning.
2. Setup
Consider the standard action containing the metric, the q-form field strength, F[q], and the
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dilaton, φ, coupled to the form field with the coupling constant a
S =
∫
ddx
√−g
(
R− 1
2
∂µφ∂
µφ− 1
2 q!
eaφ F 2[q]
)
. (2.1)
The corresponding equations of motion
Rµν − 1
2
∂µφ∂νφ− e
aφ
2(q − 1)!
[
Fµν2···νqFν
ν2···νq − q − 1
q(d− 2)F
2
[q] gµν
]
= 0, (2.2)
∂µ
(√−g eaφ Fµν2···νq) = 0, (2.3)
1√−g ∂µ
(√−g∂µφ)− a
2 q!
eaφF 2[q] = 0, (2.4)
are invariant under the discrete S-duality:
gµν → gµν , F → e−aφ ∗ F, φ→ −φ, (2.5)
where ∗ denotes a d-dimensional Hodge dual, so we will restrict ourselves to purely magnetic
solutions.
We consider black p-brane solutions with a p + 1 dimensional world volume and a
transverse space being the q dimensional space Σk,σ × Rq−k (p + q = d− 2):
ds2 = − e2Bdt2 + e2D(dx21 + . . .+ dx2p) + e2Adr2 + e2C dΣ2k,σ +
+ e2E(dy21 + . . .+ dy
2
q−k), (2.6)
parametrized by five functions of the radial variable A(r), B(r), C(r), D(r) and E(r). The
space Σk,σ for σ = 0,+1,−1 is a k-dimensional constant curvature space — a flat space, a
sphere and a hyperbolic space respectively:
dΣ2k,σ = g¯abdz
adzb =


dϕ2 + sinh2 ϕdΩ2(k−1), σ = −1,
dϕ2 + ϕ2 dΩ2(k−1), σ = 0,
dϕ2 + sin2 ϕdΩ2(k−1), σ = +1,
(2.7)
satisfying
R¯ab = σ(k − 1)g¯ab. (2.8)
In the case of codimension one (a domain wall) q = k = 0, that is the Σ and y- parts in
(2.6) are absent and the coordinate r varies on the full line (−∞,∞).
The magnetically charged p-brane is supported by the form field
F[q] = b vol(Σk,σ) ∧ dy1 ∧ ... ∧ dyq−k, (2.9)
satisfying Eq. (2.3), where b is the field strength parameter, with vol(Σk,σ) denoting the
volume form of the space Σk,σ.
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The Ricci tensor for the metric (2.6) has the non-vanishing components
Rtt = e
2(B−A)
[
B′′ +B′(B′ −A′ + (q − k)E′ + kC ′ + pD′)] , (2.10)
Rαβ = −e2(D−A)
[
D′′ +D′(B′ −A′ + (q − k)E′ + kC ′ + pD′)] δαβ , (2.11)
Rrr = −B′′ −B′(B′ −A′)− k(C ′′ + C ′2 −A′C ′)−
−(q − k)(E′′ + E′2 −A′E′)− p(D′′ +D′2 −A′D′), (2.12)
Rab = −
{
e2(C−A)
[
C ′′ + C ′(B′ −A′ + (q − k)E′ + kC ′ + pD′)]
− σ(k − 1)
}
g¯ab, (2.13)
Rij = −e2(E−A)
[
E′′ +E′(B′ −A′ + (q − k)E′ + kC ′ + pD′)] δij , (2.14)
where primes denote derivatives with respect to r.
By transforming the radial coordinate, one can fix one of the metric functions in (2.6).
This freedom can be encoded in the following gauge function F
lnF = −A+B + kC + pD + (q − k)E. (2.15)
Fixing F we thereby choose some gauge. First we will find the general solutions without
imposing any gauge, i.e. with arbitrary F . From the Einstein equations we find four
equations for B, C, D and E with similar differential operators
B′′ +B′
F ′
F =
(q − 1)b2eG
2(d− 2)F2 , (2.16)
C ′′ + C ′
F ′
F = −
(p+ 1)b2eG
2(d− 2)F2 + σ(k − 1)e
2(A−C), (2.17)
D′′ +D′
F ′
F =
(q − 1)b2eG
2(d− 2)F2 , (2.18)
E′′ +E′
F ′
F = −
(p+ 1)b2eG
2(d− 2)F2 , (2.19)
where
G = aφ+ 2B + 2pD, (2.20)
and the following equation
(A+ lnF)′′ − A′(A+ lnF)′ +B′2 +
+ kC ′2 + pD′2 + (q − k)E′2 + 1
2
φ′2 =
(q − 1)b2eG
2(d− 2)F2 . (2.21)
The dilaton equation Eq.(2.4) takes a similar form
φ′′ + φ′
F ′
F =
ab2eG
2F2 . (2.22)
To simplify the system we introduce a new function instead of A:
A = A+ lnF = B + kC + pD + (q − k)E, (2.23)
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and a new variable τ , satisfying
dτ
dr
=
(k − 1)
F . (2.24)
Then, denoting the derivatives with respect to τ by a dot, we obtain the following system:
B¨ =
(q − 1)b2
2(k − 1)2(d− 2) e
G, (2.25)
C¨ = − (p + 1)b
2
2(k − 1)2(d− 2) e
G +
σ
(k − 1) e
2(A−C), (2.26)
D¨ =
(q − 1)b2
2(k − 1)2(d− 2) e
G, (2.27)
E¨ = − (p + 1)b
2
2(k − 1)2(d− 2) e
G, (2.28)
φ¨ =
ab2
2(k − 1)2 e
G, (2.29)
and
A¨ − A˙2 + B˙2 + kC˙2 + pD˙2 + (q − k)E˙2 + 1
2
φ˙2 =
(q − 1)b2
2(k − 1)2(d− 2) e
G. (2.30)
After solving the system with respect to A, this last equation becomes a constraint equa-
tions for the other functions involved.
3. General solution
The integration procedure is similar to that used in [15]. First we observe that the functions
D, B, and the quantities −(q − 1)E/(p + 1) and (q − 1)φ/a(d − 2) may differ only by a
solution of the homogeneous equation, which is a linear function of τ . Therefore
D = B + d1τ + d0, (3.1)
E = −p+ 1
q − 1B + e1τ + e0, (3.2)
φ =
a(d− 2)
q − 1 B + φ1τ + φ0, (3.3)
where d0, d1, e0, e1, φ0, φ1 are free constant parameters. Substituting this into (2.20) one
finds :
G =
∆(d− 2)
(q − 1) B + g1τ + g0, (3.4)
where
g0,1 = aφ0,1 + 2pd0,1, (3.5)
∆ = a2 +
2(p+ 1)(q − 1)
d− 2 , (3.6)
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so the Eq. (2.25) becomes a decoupled equation for G
G¨ =
b2∆
2(k − 1)2 e
G. (3.7)
Its general solution, depending on two integration constants α and τ0, reads
G = ln
(
α2(k − 1)2
∆b2
)
− ln
[
sinh2
(α
2
(τ − τ0)
)]
, (3.8)
with α2 > 0 being equal to the first integral of Eq. (3.7)
G˙2 − b
2∆
(k − 1)2 e
G = α2. (3.9)
Using this we integrate the remaining equations (2.26, 2.30) with account for the definition
of the gauge function (2.15), which with the substitution (3.1,3.2) reads
A− kC = (p+ 1)(k − 1)
q − 1 B + p(d1τ + d0) + (q − k)(e1τ + e0). (3.10)
Then the linear combination
H = 2(A− C) (3.11)
will satisfy the second decoupled Liouville equation
H¨ = 2σeH , (3.12)
whose first integral is
H˙2 − 4σeH = β2. (3.13)
Its general solution depending on two parameters β, τ1 reads, for β
2 > 0,
H =


2 ln β2 − ln
(
sinh2[β(τ − τ1)/2]
)
, σ = 1,
±β(τ − τ1), σ = 0,
2 ln β2 − ln
(
cosh2[β(τ − τ1)/2]
)
, σ = −1,
(3.14)
Finally, expressing the metric functions A, C from (3.10,3.11), one can write the entire
solution in terms of G, H as follows:
A =
k
2(k − 1) H −
p+ 1
∆(d− 2) G− lnF + c1τ + c0, (3.15)
B =
(q − 1)
∆(d− 2) (G− g1τ − g0) , (3.16)
C =
1
2(k − 1) H −
p+ 1
∆(d− 2) G+ c1τ + c0, (3.17)
D =
(q − 1)
∆(d− 2) (G− g1τ − g0) + d1τ + d0, (3.18)
E = − p+ 1
∆(d− 2) (G− g1τ − g0) + e1τ + e0, (3.19)
φ =
a
∆
G+ f1τ + f0, (3.20)
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where the following linear combinations of the previously introduced parameters are used
g0,1 = aφ0,1 + 2pd0,1, (3.21)
c0,1 =
(p+ 1)aφ0,1
∆(d− 2) −
p(a2(d− 2) + 2(p + 1)(q − k))
∆(d− 2)(k − 1) d0,1 −
(q − k)
k − 1 e0,1, (3.22)
f0,1 = (1− a
2
∆
)φ0,1 − 2pa
∆
d0,1. (3.23)
Our solution depends on eleven parameters: b, d0, d1, e0, e1, φ0, φ1, τ0, τ1, α, β, which
satisfy a constraint following from the Eq. (2.30)
− kβ
2
4(k − 1) +
α2
2∆
+ (k − 1)c21 +
(
(q − 1)g1
∆(d− 2)
)2
+
+p
(
d1 − g1(q − 1)
∆(d− 2)
)2
+ (q − k)
(
e1 +
(p+ 1)g1
∆(d− 2)
)2
+
1
2
f21 = 0. (3.24)
The coordinate τ is defined by (2.24) only up to a translation, so without loss of generality
we can set
τ1 = 0. (3.25)
Also, we can always rescale the coordinates xα and yi of the flat spaces R
p and Rq−k so
that
d0 = e0 = 0. (3.26)
We then remain with seven independent parameters. Note that the constraint involves
only five of these. Considering the signs of the different terms in Eq. (3.24) we find three
nontrivial cases: α and β are both real, α is pure imaginary and β real, and α and β
are both pure imaginary. For imaginary values of parameters α and β one should replace
sinh, cosh → sin, cos. In what follows we will deal mostly with the case of real α and β.
We have obtained the general solution for the three cases σ = 1, 0 and −1 (spherical,
toroidal or hyperbolic sector Σ). One can show that there are no asymptotically flat
stationary solutions for σ = 0 and −1. In the remainder of the paper we restrict our
analysis to the case of SO(k) symmetry, i.e. σ = 1.
4. Special points
The solution constructed above have several special points: τ = 0, τ = τ0, τ = ±∞. To
reveal their physical meaning consider the Ricci scalar which can be expressed using the
field equations as follows
R =
(k − 1)2
2
e−2A
(
φ˙2 +
b2(d− 2q)
(d− 2)(k − 1)2 e
G
)
. (4.1)
Note that for d = 2q and a constant dilaton (which is consistent with the field equations if
a = 0), the scalar curvature is identically zero, as a consequence of the conformal invariance
of the corresponding form field.
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Substituting here the solution (3.15-3.20) one obtains
R =
(k − 1)2
2
e−2c0−2c1τ
[
α(k − 1)√
∆b
]4 p+1
∆(d−2)
[
2 sinh(β2 τ)
β
] 2k
k−1
[
sinh
(
α
2
(τ − τ0)
)]−4 p+1
∆(d−2)
−2
×
×
{(
f1 sinh
(
α
2
(τ − τ0)
)
− α a
∆
cosh
(
α
2
(τ − τ0)
))2
+ α2
d− 2q
∆(d− 2)
}
. (4.2)
An additional information about singularities can be found from the square of the
Riemann tensor (the Kretschmann scalar) K = RαβγδR
αβγδ. To present it in a compact
notation, we introduce the four-component quantities Yi = {B,D,C,E}, li = {1, p, k, q −
k}, i = 1, 2, 3, 4. Then the Kretschmann scalar takes the following form:
K = 4(k − 1)4e−4A
(∑
i
li(−Y¨i − Y˙i2 + A˙Y˙i)2 + 1
2
∑
i 6=j
liljY˙
2
i Y˙
2
j +
+
1
2
∑
i
li(li − 1)Y˙ 4i − σ
k
k − 1C˙
2e2(A−C) +
1
2
k
(k − 1)3 e
4(A−C)
)
. (4.3)
From these formulas one can see that τ = τ0 generically is the singular point of the
geometry unless τ0 = 0, in which case the singularity can be avoided for some choice
of parameters. One of the points τ = ±∞ generically is also singular. Namely, if the
parameters in the exponential are chosen so that one of them is regular, another will be
singular and vice versa. Another special feature associated with these points is that the
the metric coefficient
gtt = e
2B =
[
α2(k − 1)2e−(g0+g1τ)
∆b2 sinh2(α(τ − τ0)/2)
] 2(q−1)
∆(d−2)
(4.4)
may vanish there, corresponding to horizons of the geometry. This may happen for
τ = +∞, if |α| > −g1 (4.5)
and
τ = −∞, if |α| > g1. (4.6)
In what follows we will choose the second option τ = −∞ for the location of the regular
event horizon, in which case the point τ = +∞ generically will be singular (unless some
special values of the parameters are chosen).
Further information about the geometrical structure of the solution can be extracted
from the analysis of radial geodesics xµ(λ) = (t(λ), r(λ))
t′′ + 2
dB
dr
r′t′ = 0,
r′′ +
dA
dr
r′2 + e2(B−A)
dB
dr
t′2 = 0, (4.7)
where primes denote the derivatives with respect to the affine parameter λ. The first
integral of this system reads
t′ = e−2B+C1 , r′ = ±eC1
√
e−2(A+B) + C2e−2(A+C1), (4.8)
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where C1,2 are integration constants. Null radial geodesics correspond to C2 = 0, in which
case the second equation reduces (after a rescaling of the affine parameter) to
r′ =
1
k − 1e
−(A+B). (4.9)
Passing to our new variable τ , related to r via dτ/dr = (k − 1)/F , we can rewrite the null
radial geodesic equation as
τ ′ = e−(A+B), (4.10)
so that
λ ∼
∫
eA+Bdτ. (4.11)
We wish to identify the values τ = τ∞ which may correspond to points at an infinite
distance from the horizon. For this we evaluate the integrals in the vicinity of τ∞ obtaining
the leading term
λ ∼
∫
(τ − τ∞)γ−1dτ ∼ (τ − τ∞)γ . (4.12)
If γ < 0, the affine distance to this point will be infinite. We have three particular cases:
1) τ0 6= 0, τ∞ = 0, γ = − 1
k − 1 < 0, (4.13)
2) τ0 6= 0, τ∞ = τ0, γ = a
2(d− 2) + 2(pq + 1)
∆(d− 2) > 0, (4.14)
3) τ0 = 0, τ∞ = 0,
γ = −a
2(d− 2) + 2(q − 1)(k − 1) + 2(p + 1)(q − k)
∆(d− 2)(k − 1) < 0. (4.15)
Thus, τ = 0 is an infinitely distant point in both cases τ0 = 0 and τ0 6= 0. One can further
show that in the case τ0 6= 0 both the Ricci and Kretschmann scalars vanish at τ = 0; we
will see that in this case the metric is asymptotically flat. In the second case (4.14), the
non-zero τ0, which is a singular point of the solution, is located at a finite affine distance,
thus representing a true singularity.
Now let us investigate the regularity of the event horizon τ = −∞. Near a regular
horizon the metric coefficient e2B must behave [15] as
e2B ∼ λn, (4.16)
where λ = 0 corresponds to the position of the horizon, and the integer n is equal to unity
for a non-degenerate horizon, and n ≥ 2 for a degenerate horizon. Differentiating (4.16)
we obtain the following condition
e−(A+
3n−2
n
B) d
dτ
e2B ∼ const (4.17)
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at the horizon. For the solution (3.15-3.20) we get
eA ∼ e 2−nn B. (4.18)
Taking into account this equation we can rewrite the equation (2.30) near the horizon as
4(n − 1)
n2
B˙2 + kC˙2 + pD˙2 + (q − k)E˙2 + 1
2
φ˙2 ∼ 0. (4.19)
The left-hand side being a sum of squares, all of them must vanish, so that we obtain the
following conditions on the behavior of the metric exponents at the horizon for n = 1:
C˙ = D˙ = E˙ = φ˙ = 0, at τ = −∞, (4.20)
which are equivalent for the solution (3.15-3.20) to the following conditions on the free
parameters:
|α| = |β| = −2d1 = 2(q − 1)
p+ 1
e1 = −2(q − 1)
a(d− 2)φ1. (4.21)
In what follows without loss of generality we will choose α to be non-negative. The calcu-
lation shows that under these conditions the constraint (3.24) is satisfied automatically.
In the degenerate case n ≥ 2, we obtain from (4.19) the additional condition
B˙ = 0, at τ = −∞. (4.22)
Combined with the conditions (4.21), this leads to
α = β = d1 = φ1 = e1 = 0. (4.23)
Note that in the case α = β = 0, (3.8) and (3.14) should be replaced by
G = −2 ln |τ − τ0|+ ln(4(k − 1)2/b2∆), H = −2 ln |τ |, (4.24)
leading to the behavior near the horizon τ → −∞
A ∼ µ ln |τ |, B ∼ ν ln |τ |, (4.25)
with
µ =
2(p + 1)
∆(d− 2) −
k
k − 1 , ν = −
2(q − 1)
∆(d− 2) . (4.26)
From (4.11), dλ ∼ τµ+νdτ , leading to
e2B ∼ τ2ν ∼ λ2ν/(µ+ν+1). (4.27)
This is consistent with e2B ∼ λ2 only if µ+1 = 0, leading to the conditions for the existence
of regular degenerate horizons
a2(d− 2) + 2(p + 1)(q − k) = 0 ⇔ (a2 = 0 , q = k). (4.28)
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Coming back to the non-degenerate case, we note that once the position of the regular
event horizon is chosen as τ = −∞, the Ricci scalar will be finite there, while at τ = +∞
(an inner horizon) it will diverge as
R ∼ (aeατ + const) e
[
2(a2(p+q)+2(p+1)(q−k))
(q−1)∆(p+q)
]
ατ
, (4.29)
since the coefficient in the exponential is non-negative (for our choice α ≥ 0). In the
special case where the coefficient vanishes, i.e. a = 0, q = k, the inner horizon is apparently
regular (obviously, the degenerate horizon discussed above will arise when this inner horizon
coincides with the outer horizon). However, a closer look reveals that the Kretschmann
scalar (4.3), which for a = 0, q = k diverges at τ =∞ as
K ∼ α4(k − 1)4 p
2(p − 1)
(p+ 1)3
e2ατ (4.30)
can be finite only for p = 0 or p = 1 (see next section).
Let us finally comment on the possibility of imaginary values of the parameters α and
β. As previously mentioned, for imaginary values of α one should replace in the solution
the hyperbolic functions sinh, cosh by the trigonometric functions sin, cos. In this case we
will have an infinite sequence of singularities, located at the points τ = τ0 + 2πn/|α| (n
integer), together with an infinite sequence of points at infinity τ = 2πm/|α| (m integer)
if β is also imaginary. In any sector between two consecutive singularities (or between
a singularity and the next point at infinity), the metric function is bounded, so that no
horizon can occur. In what follows we restrict ourselves to real values of these parameters.
5. The black solutions in Schwarzschild-like coordinates
As discussed in the previous section, the nondegenerate black solution (3.15-3.20) with
τ1 = 0 and conditions (4.21) has a horizon at ρ→ −∞, a point at infinity at τ = 0, and a
singularity at τ = τ0 if τ0 6= 0. According to the sign of the integration constant τ0, there
are two black solution branches:
a) τ0 > 0 At the end-point τ = 0, the solution is asymptotically flat. We will check in
the following that this can be gauge transformed to the standard black brane solution.
b) τ0 < 0 In this case the spacetime ends at the point singularity τ = τ0, a “bag-of-
gold”-like black solution.
At the boundary between these two cases, τ0 = 0, lies a critical solution which is
geodesically complete outside the horizon, but is not asymptotically flat, generalizing the
black brane solution with linear dilaton asymptotics of [14].
With a view to transform these solutions to a Schwarzschild-like gauge, it is convenient
to map the coordinate τ < 0 to a new radial coordinate ξ, such that the horizon τ → −∞
maps to a finite value ξ = ξ+, and the asymptotic infinity τ = 0 maps to ξ = +∞. This is
achieved by the map
eατ =
ξ − ξ+
ξ − ξ− , (5.1)
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with ξ > ξ+ > ξ−. To extend this to the full line of ξ one has to consider complex τ
as shown on Fig. 1. This map defines ξ (and its special values ξ±) only up to linear
transformations. We first fix the common scale of ξ, ξ+ and ξ− by choosing
ξ+ − ξ− = α. (5.2)
The image of τ0 by the map (5.1) is ξ0:
eατ0 =
ξ0 − ξ+
ξ0 − ξ− . (5.3)
Introducing the notation
f±(ξ) = 1− ξ±
ξ
, f0(ξ) = 1− ξ0
ξ
, (5.4)
we can express the functions G and H as
H = ln(ξ2f+f−), (5.5)
G = ln
(
f+f−
f20
)
+G0, (5.6)
with
eG0 =
α2(k − 1)2
∆b2
sinh−2
(ατ0
2
)
=
4(k − 1)2(ξ+ − ξ0)(ξ− − ξ0)
∆b2
, (5.7)
and present the generic black solution as follows
e2A = |ξ| 2kk−1 f+f
2k
k−1
−
4(p+1)
∆(d−2)
− χ
2(p+1)
∆(d−2)
0 ,
e2B = f+f
−1+
4(q−1)
∆(d−2)
− χ
−
2(q−1)
∆(d−2)
0 ,
e2C = |ξ| 2k−1 f
2
k−1
−
4(p+1)
∆(d−2)
− χ
2(p+1)
∆(d−2)
0 ,
e2D = f
4(q−1)
∆(d−2)
− χ
−
2(q−1)
∆(d−2)
0 ,
e2E = f
−
4(p+1)
∆(d−2)
− χ
2(p+1)
∆(d−2)
0 , (5.8)
eaφ = eaφ0f
2a2
∆
− χ
−a2
∆
0 , (5.9)
F[q] = 2(k − 1)
√
(ξ+ − ξ0)(ξ− − ξ0)
∆
e−G0/2 vol(Σk,1) ∧ dy1 ∧ ... ∧ dyq−k, (5.10)
with
χ0(ξ) = e
aφ0−G0f20 (ξ) (5.11)
(recall that we have chosen d0 = e0 = 0, so that g0 = aφ0). The curvature scalar reads, in
these coordinates,
R =
2(k − 1)2
∆
|ξ|− 2kk−1χ−
2(p+1)
∆(d−2)
0 f
− 2
k−1
+
4(p+1)
∆(d−2)
− f
−2
0 ×
×
[
d− 2q
d− 2 (ξ+ − ξ0)(ξ− − ξ0) +
a2
∆
(ξ− − ξ0)2 f+
f−
]
. (5.12)
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Consider first the asymptotically flat case τ0 > 0. In this case, one can choose
Minkowskian coordinates at τ = 0 by imposing the conditions
A, B, D, E → 0, C → ln r, (5.13)
for r →∞, where r is our original radial coordinate, related to τ by (2.24). We find that
the functions B, D and E all vanish at infinity provided
aφ0 = G0. (5.14)
From the behavior of the functions A and C one can recover the asymptotic behavior of
the gauge function F corresponding to this solution,
lnF = k ln r, τ = −r−(k−1). (5.15)
This asymptotic behavior is consistent with our coordinate transformation (5.1) provided
ξ = rk−1, (5.16)
whch corresponds to fixing the following gauge function
F = rξf+f−. (5.17)
Now we consider the generic case τ0 6= 0, with both signs of τ0 allowed. We recall that
the map (5.1) together with the relation (5.2) define ξ, ξ+ and ξ− only up to a common
additive constant. Without loss of generality, we can choose this constant so that the image
of τ0 is
ξ0 = 0, (5.18)
leading to f0 = 1. With the choice (5.14), the generic τ0 6= 0 solution is then obtained by
setting χ0 = 1 in (5.8):
ds2 = −f+f
−1+ 4(q−1)
∆(d−2)
− dt
2 + f
4(q−1)
∆(d−2)
− (dx
2
1 + . . . + dx
2
p) +
+f−1+ f
−1+ 2
k−1
−
4(p+1)
∆(d−2)
− dr
2 + r2f
2
k−1
−
4(p+1)
∆(d−2)
− dΩ
2
k +
+f
−
4(p+1)
∆(d−2)
− (dy
2
1 + . . .+ dy
2
q−k), (5.19)
eaφ = eaφ0f
2a2
∆
− , (5.20)
F[q] = 2(k − 1)
(r+r−)
(k−1)
2√
∆
e−
a
2
φ0 vol(Σk,1) ∧ dy1 ∧ ... ∧ dyq−k. (5.21)
The coordinate r in (5.8) and (5.19) is related to ξ by
r = |ξ|1/(k−1), (5.22)
so as to accommodate both signs of ξ. For τ0 > 0,
0 < ξ− < ξ+ (5.23)
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(ξ > 0), this is the standard black brane solution [3], with a spacelike central singularity
at ξ = ξ−, except in the cases (a = 0, q = k, p = 0 or 1) where the central singularity
is located at ξ = 0 and is timelike. In both cases the singularities are hidden behind the
event horizon ξ = ξ+. For τ0 < 0,
ξ− < ξ+ < 0 (5.24)
(ξ < 0), there are generically two central singularities, a timelike singularity at ξ = 0
separated from the (generic) spacelike singularity at ξ = ξ− by the horizon at ξ = ξ+.
We discuss briefly the cases a = 0, q = k, and p = 0 or 1 where the inner horizon
ξ = ξ− becomes regular. For p = 0, the solution (5.19) reduces to the Reissner-Nordstro¨m-
like form
ds2 = −f+f− dt2 + f−1+ f−1− dr2 + r2 dΩ2k. (5.25)
Clearly, this is invariant under the involution (preserving the order ξ− < ξ+)
ξ → −ξ, ξ± → −ξ∓, (5.26)
which transforms the τ0 < 0 solution into the asymptotically flat τ > 0 solution. For p = 1,
the solution (5.19) reduces to
ds2 = −f+ dt2 + f− dx2 + f−1+ f−1− dr2 + r2 dΩ2k. (5.27)
For τ0 > 0 (ξ+ > ξ− > 0), this is stationary in both sectors ξ > ξ+ and 0 < ξ, ξ−, however
in the inner stationary sector the role of time is taken up by the coordinate x. The solution
for τ0 < 0 (ξ+ > ξ− > 0) is transformed by the involution (5.26) into
ds2 = −f− dt2 + f+ dx2 + f−1+ f−1− dr2 + r2 dΩ2k, (5.28)
which is just the asymptotically flat solution (5.27) with ξ+ and ξ− exchanged. When ξ
decreases from +∞, first the outer horizon ξ = ξ+ is crossed, with gtt keeping its sign, but
gxx and grr both flipping signs, so that in the intermediate sector between the two horizons
there are three time coordinates∗. Then the inner horizon ξ = ξ− is crossed, leading to the
inner sector with only one time coordinate x, and the central singularity ξ = 0.
Returning to the general case, we recall that the generic solution (3.15-3.20) had seven
independent parameters. We imposed three relations (4.21) from the condition of regular-
ity of the horizon (the fourth relation (4.21) follows from the constraint (3.24)), and the
relations (5.14) to ensure the asymptotic Minkowskian behavior. The coordinate trans-
formation (5.1) introduced two more parameters ξ±, corresponding to the location of the
horizons, which were then constrained by the relations (5.2) and (5.18). Therefore the
solution (5.19) depends on 7 − 4 = 3 independent parameters: ξ+, ξ− and φ0. This last
parameter corresponds to the value of the dilaton at infinity. The other two parameters
∗In the event that the range of the coordinate x is compact, the region ξ < ξ+ will contain closed timelike
curves.
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enter the expressions for the mass and charge of the solution. Indeed, following [34, 35] we
can define the ADM mass per unit volume of the brane by
M
vol(p-brane)
= 2ΩkLq−kr
k ×
×
[
k
r
(eA − eC−ln r)− pD′ − (q − k)E′ − k(C − ln r)′
]∣∣∣∣
r→∞
, (5.29)
where the prime denotes r-derivative, Ωk is the volume of the unit k-sphere, Lq−k is the
volume of the flat part of the transverse space of dimension q − k and we have set the
Newton constant Gd = 1/16π.
The ADM charge (normalized in a similar way) is defined up to the normalization
factor by (2.9). For the solution (5.19) we get
M
vol(p-brane)
= ΩkLq−k
[
k(ξ+ − ξ−) + 4(k − 1)
∆
ξ−
]
, (5.30)
P
vol(p-brane)
= 2(k − 1)ΩkLq−k
√
ξ+ξ−
∆
e−
a
2
φ0 . (5.31)
The calculation of the entropy per unit volume of the brane and temperature of the solution
along the lines described in [35] gives
T =
k − 1
4π
|ξ+|−
2
∆ (ξ+ − ξ−)−
1
k−1
+ 2
∆ , (5.32)
S
vol(p-brane)
= 4πΩkLq−k|ξ+|
2
∆ (ξ+ − ξ−)
k
k−1
− 2
∆ . (5.33)
The magnetic potential W is obtained by computing the dual electric form
F˜[p+2] = e
aφ ⋆ F[q] = dW[p+1], (5.34)
with
W[p+1] =Wdt ∧ dx1 ∧ ... ∧ dxp, W = 2
(ξ+ξ−)
1
2√
∆
|ξ|−1ea2φ0 . (5.35)
In accordance with the first law of thermodynamics for black branes, the following identity
holds
dM = TdS +W |ξ=ξ+dP. (5.36)
6. The critical solution τ0 = 0: black branes with linear dilaton asymp-
totics
From (5.3), we see that the value τ0 = 0 corresponds to the limit ξ0 → ±∞ (see Fig. 2).
In this limit, the function χ0 defined by (5.11) becomes
χ0(ξ) =
∆b2eaφ0
4(k − 1)2 ξ
−2. (6.1)
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We note that this function enters the generic solution (5.8) through the product
f2−χ
−1
0 =
4(k − 1)2
∆b2eaφ0
(ξ − ξ−)2. (6.2)
Choosing now (without loss of generality)
ξ− = 0, (6.3)
fixing again the gauge function (5.17), which gives ξ = rk−1, and putting
∆b2eaφ0
4(k − 1)2 = r
2(k−1)
0 , ξ+ = c, (6.4)
we find that the solution reduces to the black p-brane in the linear dilaton background [14]
delocalized in part of the transverse space of dimension q − k
ds2 =
(
r
r0
) 4(q−1)(k−1)
∆(d−2) (
−
(
1− c
rk−1
)
dt2 + dx21 + . . .+ dx
2
p
)
+
+
(r0
r
) 4(p+1)(k−1)
∆(d−2)
((
1− c
rk−1
)−1
dr2 + r2dΩ2k + dy
2
1 + . . . + dy
2
q−k
)
, (6.5)
eaφ = eaφ0
(
r
r0
) 2(k−1)a2
∆
, (6.6)
F[q] =
2(k − 1)e−aφ0/2rk−10√
∆
vol(Σk,1) ∧ dy1 ∧ ... ∧ dyq−k, (6.7)
where the radial coordinate r is again related to ξ by (5.16).
This solution is asymptotically nonsingular, as can be seen from the following expres-
sion for the curvature scalar
R =
4(p+ 1)(k − 1)2
∆2(d− 2)r2
(
r
r0
) 4(p+1)(k−1)
∆(d−2)
(
∆− (q − 1)− (d− 2)a
2c
2(p + 1)rk−1
)
, (6.8)
since
2(p + 1)(k − 1)−∆(d− 2) = − (a2(d− 2) + 2(p + 1)(q − k)) < 0. (6.9)
Following Ref.[14, 36, 37, 38, 39] one can get the following expression for the mass per
volume of the p-brane
M
vol(p-brane)
= 2
∫
∂S(r=∞)
eB(K −K0)
√
σdd−2x, (6.10)
where K = −σµνDνnµ is the trace of the extrinsic curvature of the boundary, K0 = K|c=0
is its background value, Dν is the covariant derivative with respect to the metric hµν =
gµν + uµuν induced on the space-like hypersurface S of dimension d− 1, uµ is the normal
vector to S, σµν = hµν −nµnν is the metric induced on the boundary of S with the normal
vector nµ.
– 16 –
J
H
E
P00(2005)000
The mass corresponding to the solution obtained reads:
M
vol(p-brane)
= ΩkLq−k
(
k − 2(k − 1)
∆
)
c . (6.11)
The entropy and the temperature of the brane can be calculated as usual (see e.g. the Ref.
[35]) giving
T =
(k − 1)
4π
c
2
∆
− 1
k−1 r
−
2(k−1)
∆
0 , (6.12)
S
vol(p-brane)
= 4πc−
2
∆
+ k
k−1 r
2(k−1)
∆
0 ΩkLq−k. (6.13)
According to the first law of thermodynamics for black branes the following identity
should hold
dM = TdS. (6.14)
Applying this to the p-brane with the linear dilaton asymptotic we get
dM
vol(p-brane)
= ΩkLq−k
(
−2(k − 1)
∆
+ k
)
dc, (6.15)
TdS
vol(p-brane)
= ΩkLq−k
{(
−2(k − 1)
∆
+ k
)
dc+
2(k − 1)2∆
c
dr0
r0
}
. (6.16)
Therefore the first law of thermodynamics is true only if we do not vary the parameter
r0, proportional from (6.4) to the charge b. This is due to the fact that the charge is not
associated with the black brane, but rather with the linear dilaton background [14].
In the case of zero dilaton coupling a = 0 the metric takes the form
ds2 =
(
r
r0
) 2(k−1)
(p+1) (
−
(
1− c
rk−1
)
dt2 + dx21 + . . . + dx
2
p
)
+
+
(r0
r
) 2(k−1)
(q−1)
((
1− c
rk−1
)−1
dr2 + r2dΩ2k + dy
2
1 + . . . + dy
2
q−k
)
, (6.17)
while the curvature scalar is
R =
(k − 1)2(p− q + 2)
(q − 1)(p + 1)r
2(k−1)
q−1
0
r−
2(q−k)
q−1 . (6.18)
For q 6= k we have a singularity at r = 0 and vanishing of R at infinity. Asymptotically, as
r →∞, the metric becomes:
ds2 =
(
r˜
r0
) 2(k−1)(q−1)
(p+1)(q−k) (−dt2 + dx21 + . . .+ dx2p)+ (dr˜2 + r˜2dΣ2k)+
+
(r0
r˜
) 2(k−1)
(q−k) (
dy21 + . . .+ dy
2
q−k
)
, (6.19)
in terms of the new radial coordinate
r˜ =
(
r
r0
) q−k
q−1
r0. (6.20)
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7. Domain Walls
Our general analysis is not valid in the special case of codimension one, i.e., for domain
walls. Consider now the domain wall for p = d− 2, k = q = 0. The metric has the form
ds2 = −e2Bdt2 + e2D (dx21 + . . .+ dx2p)+ e2Ady2, (7.1)
where the coordinate y now varies on the full axis. In the magnetic sector, we have the
trivial solution for the zero-form :
F[0] = b = const. (7.2)
Note that the term F 2 enters the action as a cosmological constant Λ = −b2/2, and it is
common to consider both signs for it. Accordingly, in the following we will consider b2 real.
Also, the parameter
∆ = a2 − 2p+ 1
p
(7.3)
now can be positive, negative or zero. The equations of motion now read
B¨ = − b
2
2p
eG,
D¨ = − b
2
2p
eG,
φ¨ =
ab2
2
eG, (7.4)
where
G = 2B + 2pD + aφ, (7.5)
and
A¨ − A˙2 + B˙2 + pD˙2 + 1
2
φ˙2 = − b
2
2p
eG. (7.6)
Summing up the equations with the corresponding coefficients, we get the following equa-
tion for G
G¨ =
b2∆
2
eG. (7.7)
For ∆b2 > 0, this has the solution parametrized by α ≥ 0:
G = ln
[
α2
∆b2
]
− ln
[
sinh2
(α
2
(τ − τ0)
)]
. (7.8)
In the case ∆ = 0 (a2 = 2(p + 1)/p), the solution of (7.7) is a linear function :
G = α(τ − τ0). (7.9)
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In what follows we set τ0 = 0 without loss of generality, and assume
∆b2 ≥ 0
(for ∆b2 < 0, there are no physically interesting solutions).
In terms of G the solution for ∆ 6= 0 reads
B = − 1
∆p
G+ b1τ + b0,
D = B + d1τ + d0,
φ =
a
∆
G+ f1τ + f0,
A = (p+ 1)B + p(d1τ + d0), (7.10)
where A = A+ lnF , with the relation between the integration constants
b0,1 = − 1
2(p+ 1)
[2pd0,1 + af0,1]. (7.11)
Half of the constants are subject to the constraint following from the Eq. (2.30):
α2
2∆
+
p
p+ 1
(d21 −∆
f21
4
) = 0. (7.12)
If ∆ = 0, the solution is:
B = − b
2
2α2p
eατ + b1τ + b0, (7.13)
D = − b
2
2α2p
eατ + d1τ + d0, (7.14)
φ =
ab2
2α2
eατ + f1τ + f0, (7.15)
A = −b
2(p+ 1)
2α2p
eατ + (b1 + pd1)τ + (b0 + pd0), (7.16)
with the parameters b0,1, d0,1, φ0,1 satisfying the conditions
2b0 + 2pd0 + af0 = 0, 2b1 + 2pd1 + af1 = α (7.17)
and the constraint
2pαd1 = (apd1 + f1)
2 . (7.18)
7.1 Standard solution
Consider the case ∆ 6= 0. Without loss of generality we can set
d0 = f0 = 0. (7.19)
Assuming now
α = d1 = f1 = 0 (7.20)
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we find that Eq. (7.8) reduces to
G = −2 ln |qτ |, (7.21)
with
q2 = ∆b2/4, (7.22)
and the solution reads
e2A = F−2|qτ |
4(p+1)
∆p ,
e2B = e2D = |qτ | 4∆p ,
eaφ = |qτ |− 2a
2
∆ . (7.23)
It has three special points: τ = 0, ±∞. Consider the behavior of radial null geodesics and
the scalar curvature in their vicinity. The affine parameter in terms of τ will read
λ ∼ |τ |a
2+2/p
∆ , (7.24)
while the curvature scalar is
R ∼ |τ |− 2a
2
∆p . (7.25)
One can see that for ∆ > 0 the infinities τ = ±∞ are at an infinite affine distance and
the curvature scalar is zero there. At τ = 0, which is at a finite affine distance, R diverges
(for a 6= 0). To exclude the singularity we then have to cut the solution at some finite τ
introducing a material brane.
For ∆ < 0 the scalar curvature is zero at τ = 0 (if a 6= 0), and diverges at τ = ±∞.
The surface τ = 0 is at an infinite affine distance, and one can cut the solution to avoid
singularities at τ = ±∞.
Now, if the singularities are at a finite affine distance, consider the following coordinate
transformation
− τ = q−1Hǫ, H = c+m|y|, m = qǫ, (7.26)
where ǫ = ±1. Then for c > 0 the singularity will be cut out. The free parameter ǫ can be
used as follows:
a) If τ = ±∞ is at infinite affine distance (∆ > 0), we choose ǫ = +1 so that the region
τ ∈ (−∞,−c/m] maps to the semi-axes y 6= 0. The domain wall locates at τ = −c/m.
b) If τ = 0 is at infinity (∆ < 0), we choose in (7.26) ǫ = −1, in which case the region
τ ∈ [−m/c, 0) maps to the semi-axes y 6= 0, the domain wall will then be at τ = −m/c.
In terms of these coordinates we arrive at the standard domain wall solution of Ref.
[20]:
ds2 = H
4ǫ
∆p (−dt2 + dx21 + . . .+ dx2p) +
m2
q2
H
4(p+1)ǫ
∆p
+2(ǫ−1)
dy2, (7.27)
eaφ = H−
2a2ǫ
∆ , (7.28)
R =
b2
2
(
a2 +
p+ 2
p
)
H−
2a2
∆
ǫ. (7.29)
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7.2 Black solution
Now let us seek for a more general solution without naked singularities, but possibly en-
dowed with a horizon. Repeating the previous analysis, we see that in the case ∆ 6= 0 the
horizons correspond to τ = ±∞. Let τ = −∞ be the event horizon, then from regularity
we get the conditions:
d1 = −α
2
, f1 = −aα
∆
, (7.30)
and the constraint (7.12) holds automatically. Taking into account (7.30), setting d0 = 0
by a rescaling of {xi}, and trading the two integration constants f0 and α for
y0 = q
−1e−aφ0/2
(
φ0 = − ∆p
2(p + 1)
f0
)
, (7.31)
µ = αy20 , (7.32)
we arrive at the solution:
e2B =
(
4
y20
µ2
eατ sinh2(ατ/2)
) 2
∆p
eατ , (7.33)
e2D =
(
4
y20
µ2
eατ sinh2(ατ/2)
) 2
∆p
, (7.34)
e2A =
(
4
y20
µ2
eατ sinh2(ατ/2)
) 2(p+1)
∆p
eατ , (7.35)
eaφ =
(
4
y20
µ2
eατ sinh2(ατ/2)
)− a2
∆
eaφ0 . (7.36)
Passing to y via the map
τ =
1
α
ln
(
1− µ
y
)
(7.37)
we obtain
ds2 =
(
y
y0
)− 4
∆p
[
−
(
1− µ
y
)
dt2 + d~x2
]
+
(
y
y0
)−2(1+ a2
∆
) (
1− µ
y
)−1
dy2, (7.38)
ea(φ−φ0) =
(
y
y0
) 2a2
∆
. (7.39)
This solution can be interpreted as a black domain wall. For µ = 0 it reduces to the stan-
dard solution (7.27)-(7.28) with c = 0, which is identical with the linear dilaton background
locally. So we can regard the solution (7.39) in the same way as our previous solutions:
a black domain wall on the linear dilaton background. For ∆ < 0 (b2 < 0), the linear
dilaton asymptotic region y → ∞ is at infinite affine distance, with the other asymptotic
region y = 0 corresponding to a singularity hidden behind the horizon. On the contrary,
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for ∆ > 0 (b2 > 0), the spacetime ends at the point singularity y → +∞ (bag-of-gold black
domain wall), with the other asymptotic region y = 0 at infinite affine distance.
In the case ∆ = 0 one finds the possible horizons at τ = ±∞ as well. Choosing as the
horizon τ = −∞, we find the regularity conditions on the parameters:
b1 =
α
2
, d1 = f1 = 0. (7.40)
Choosing α = 1, and transforming the radial coordinate to y = eτ , the corresponding black
domain wall solution is (up to rescalings)
ds2 = e−
b2
p
y
(
− ydt2 + d~x2
)
+ e−
b2(p+1)
p
y dy
2
y
, (7.41)
eaφ = e
b2(p+1)
p
y
. (7.42)
In this case the affine parameter for null radial geodesics reads, in the asymptotic region
y → +∞,
λ ∝ e−
b2(p+2)
2p
y, (7.43)
so that, again, for b2 < 0 the manifold extends to infinity, with a singularity at y → −∞,
while for b2 > 0 it ends at the point singularity y → +∞, with y → −∞ at infinite affine
distance.
8. Relation to p-brane solutions with extra parameters
The full p-brane solution was first derived in Ref. [23], using a rather intricate integration
method and a gauge different from the present one. The solution contained four inde-
pendent parameters, but it remained unclear whether it was free of naked singularities.
Later this solution was reproduced and analyzed in [24] where it was suggested that extra
parameters may occur, then it was rederived with different variations and analyzed in a
number of papers (see for example [40, 41]). It was stated that the full (asymptotically
flat) solution has four independent parameters. However, all the previous solutions have
defects, such as naked singularities. In this section we will show that to avoid naked sin-
gularities, one should fix additional parameters, and that the actual number of parameters
in good solutions (i.e. asymptotically flat, satisfying cosmic censorship and having regular
horizon) reduces to two.
Let us show this for the solution of Ref. [23] (all the other solutions are related to this
solution by simple change of notations). To match our notations with those of Ref. [23]
one should set E = 0, d0 = 0, q = k and set the dilaton to zero at infinity, or equivalently
φ0 = 0,
α2(k − 1)2
∆b2
= sinh2(
ατ0
2
). (8.1)
Making the following change of variables in (3.15-3.20)
τ = − 1
2rk−10
ln
(
1− ( r0r )k−1
1 + ( r0r )
k−1
)
, and F = −rk
(
1− r
2(k−1)
0
r2(k−1)
)
. (8.2)
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and replacing our parameters by those of Ref. [23]
β = 4rk−10 , coth
ατ0
2
= c3, d1 = −c2rk−10 ,
φ1 = 2c1r
k−1
0 −
a(d− 3)
(k − 1) c2r
k−1
0 ,
α
β
= k˜, (8.3)
we obtain the general asymptotically flat solution in the form of Ref. [23]
ds2 = −f(r)e2A(r)dt2 + e2A(r)(dx21 + ...+ dx2p) + e2B(r)(dr2 + r2dΣ2k), (8.4)
where
f(r) =
[
1− ( r0r )k−1
1 + ( r0r )
k−1
]−c2
, (8.5)
A(r) =
(k − 1)(ac1 + (1 + a22(k−1))c2)
∆(d− 2) h(r)−
− 2(k − 1)
∆(d− 2) ln[cosh(k˜h(r)) + c3 sinh(k˜h(r))], (8.6)
B(r) =
1
k − 1 ln
[
1−
(r0
r
)2(k−1)]
− 2(a(k − 1)c1 − ac2)
2∆(d− 2) h(r) +
+
2(p + 1)
∆(d− 2) ln[cosh(k˜h(r)) + c3 sinh(k˜h(r))], (8.7)
φ(r) = −(k − 1)(2(p + 1)c1 − ac2)
∆(d− 2) h(r)−
2a
∆
ln[cosh(k˜h(r)) + c3 sinh(k˜h(r))], (8.8)
and
h(r) = ln
(
1− ( r0r )k−1
1 + ( r0r )
k−1
)
. (8.9)
The constraint (3.24) transforms into the condition
4
∆
k˜2 + c21 −
1
∆
(
ac1 +
(k − 1)c2
d− 2
)2
− 2k
k − 1 +
(d− 3)
2(d − 2)c
2
2 = 0. (8.10)
So the complete asymptotically flat solution has four independent parameters r±, c2 and
k˜, as was stated in [23].
To see the full structure of the solution (8.4) let us now make the transformation from
the isotropic coordinate r to a Schwarzschild-type coordinate r˜
r = r˜
(√
f+ +
√
f−
2
) 2
k−1
, (8.11)
where
f± = 1−
(r±
r˜
)k−1
, rk−10 =
1
4
(rk−1+ − rk−1− ), c3 = −
rk−1+ + r
k−1
−
rk−1+ − rk−1−
. (8.12)
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The curvature has the following form in terms of the coordinate r˜
R ∼ (k − 1)
2
r˜2k
(f+f−)
− k
k−1
−
k˜(p+1)
∆(d−2)
(
f+
f−
) a(p+1)
∆(d−2)
c1−
a2
2∆(d−2)
c2
[rk−1+ f
−k˜
+ − rk−1− f−k˜− ]−
2(p+1)
∆(d−2)
−1 ×
×
[
const1f
−k˜
+ + const2f
−k˜
− +
b2(d− 2k)
(k − 1)2(d− 2)
]
. (8.13)
From this expression we see that the solution has an initial singularity at the point r˜ = 0
and, for generic values of parameters, may be singular at r˜ = r− and r˜ = r+. Therefore to
get a physically interesting solution (i.e. satisfying the principle of cosmic censorship) we
have to demand the point r+ to be a regular horizon. The condition of its non-degeneracy
(n = 1 in terms of formula (4.16)) gives us the following constraint on parameters
2a(d − 2)c1 − a2(d− 2)c2 − 2p(k − 1)c2 + 4(d− 2)k˜ − 2∆k(d− 2)
k − 1 = 0, (8.14)
using which we can rewrite (8.10) as
pk
2(d − 2)(c2 + 2)
2 +
1
a2(d− 2)2 (2k(p + 1) + p(k − 1)c2 − 2(d− 2)k˜)
2 = 0. (8.15)
This condition fixes two of the four parameters
c2 = −2, k˜ = 1, (8.16)
and two independent parameters remain, in accordance with the result in section 6.
Let us make some remarks on the solution obtained in Ref. [41]. It can be derived
from our generic solution (3.15-3.20) using the same gauge function as in (5.17) (q = k)
τ =
2
β
ln
(
1− (wr )q−1
1 + (wr )
q−1
)
≡ 2
β
ln
H˜1
H1
, and F = rq
(
1− w
2(k−1)
r2(k−1)
)
≡ rqH1H˜1. (8.17)
where
β = 4wq−1. (8.18)
Fixing the following set of parameters as
d0,1 = e0,1 = 0, g1 = aφ1,
α2(q − 1)2
∆b2
= sinh2(ατ0/2), (8.19)
identifying the remaining parameters with those of Ref. [41]
χ =
∆(d− 2)
q − 1 , cosh
2 θ =
1
1− eατ0 , δ = −
2φ1
β
(8.20)
and replacing the combinations −(α+ aφ1)/β and −(α− aφ1)/β by α and β respectively
we obtain the solution in the form of [41]
ds2 = (H1H˜1)
2
k−1F
4(p+1)
χ(q−1)
1 (dr
2 + r2dΣ2q) + F
− 4
χ
1 (−dt2 + dx21 + . . .+ dx2p), (8.21)
eaφ =
(
H1
H˜1
)aδ
F
−2a2(d−2)
χ(q−1)
1 , (8.22)
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where
F1 = cosh
2 θ
(
H1
H˜1
)α
− sinh2 θ
(
H˜1
H1
)β
. (8.23)
This solution has three independent parameters: δ, w and θ. However, as one can easily
check (by the transformation to the Schwarzschild-type coordinate (8.11)), this solution
has a horizon at r+, which generically is not regular. Moreover, the parameters of the
solution [41] cannot be adjusted to give a regular horizon, because, as was pointed out
in [41], this solution corresponds to c2 = 0 of Ref.[23], but we have found earlier in this
section that the regularity of the horizon of Ref.[23] implies
c2 = −2. (8.24)
Indeed, one can check that, after transforming to Schwarzschild type coordinates and im-
posing the regularity conditions (4.21) one obtains a complex value for the parameter δ,
which is not allowed by the construction of [41]. Therefore within the parameter space of
the solution of Ref. [41] we do not find solutions satisfying the conditions(4.21) necessary
for regularity. The above reasoning applies to the first branch of the general solution of
Ref. [41] (the one with the real functions H1 and H˜1). We suppose that their second
branch with imaginary H1 and H˜1 corresponds to imaginary values of our parameters α
and/or β. In this case we did not find solutions with a regular horizon either.
9. Conclusions
The purpose of this paper was to clarify the meaning of special points in the general
supergravity p-brane solution with a single charge and to find all possibilities for the values
of parameters when the solution is free from naked singularities, though not necessarily
asymptotically flat. We have found that there are three options depending on the value
of the parameter τ0 marking the position of the (generic) singularity. For τ0 > 0, the
singularity is hidden inside the event horizon, and the asymptotically flat solution coincides
with the standard black p-brane of [8]. For τ0 < 0, the solution has a regular horizon, but
is singular at spatial infinity. For τ0 = 0, the regular black solution is not asymptotically
flat, and constitutes a delocalized generalization of the black p-brane on the linear dilaton
background discussed in [14]. We also presented an explicit identification of the solution by
Zhou and Zhu in terms of our solution, thus clarifying the nature of “the extra parameters”.
In addition we compared our solution with the recent results by Lu and Roy. Our general
conclusion is that no p-brane solutions possessing a regular event horizon and not plagued
with naked singularities exist, other than the standard asymptotically flat black branes
and the black branes on the linear dilaton background.
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τ = 0 (r =∞) τ = τ0 (r = r0) τ = +∞ (r = r−)τ = −∞ (r = r+)
τ = +∞+ iπ
α
(r = r−)τ = −∞+
iπ
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(r = r+)
Figure 1: Complex plane of τ for an asymptotically flat solution. In this case τ0 is strictly positive
and corresponds to the central singularity. The real axis corresponds to regions outside the event
horizon and inside the inner horizon. Between the horizons τ has an imaginary part (upper line).
The dependence τ(r) corresponds to the map (5.1,5.22).
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τ = 0 (r =∞)
τ = τ0 (r = r0)
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α
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τ = τ0 = 0 (r =∞)τ = τ0 (r =∞)
Figure 2: Complex plane of τ for the solution with the linear dilaton asymptotic. In this case τ0
is non-positive and to get a solution without naked singularities one has to take the limit τ0 → −0.
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